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1 INTRODUCTION.
Regimes of strong electrostatic collapse of a highly charged polyelec-
trolyte in a poor solvent.
Anvy Moly Tom,∗a Satyavani Vemparala,a R Rajesh,a and Nikolai Brilliantovb
We perform extensive molecular dynamics simulations of a highly charged flexible polyelectrolyte (PE) chain in a poor solvent for the
case when the chain is in a collapsed state and the electrostatic interactions, characterized by the reduced Bjerrum length `B, are
strong. We detect the existence of several sub-regimes, Rg ∼ `−γB , in the dependence of the gyration radius of the chain Rg on `B. In
contrast to a good solvent, the exponent γ for a poor solvent crucially depends on the size and valency of counterions. To explain the
different sub-regimes we generalize the existing counterion fluctuation theory by a more complete account of the volume interactions
in the free energy of the chain. These include interactions between the chain monomers, between monomers and counterions and
the counterions themselves. We also demonstrate that the presence of the condensed counterions can modify the effective attraction
among the chain monomers and impact the sign of the second virial coefficient.
1 Introduction.
Charged polymers in solution, or polyelectrolytes (PEs), are ubiq-
uitous in nature and play a significant role in our everyday
life. Common examples of PEs include biologically important
molecules like DNA, RNA and proteins1–3. PEs also find ap-
plication in industries such as chemical4–7, pharmaceutical8–11,
food12,13 etc. The mechanical and chemical properties of a PE
depend on its conformational state, which could vary from be-
ing linear and extended to compact and collapsed. The confor-
mational state is determined essentially by three properties: the
strength of electrostatic interactions in the system, entropy of the
counterions and quality of the solvent. Determining the precise
role of these characteristic in the conformational state of a sim-
ple model PE is fundamental to understand the physics of more
realistic PE systems.
The strength of the electrostatic interactions in the system de-
pends on the charge density of the PE chain and is quantified by
the reduced Bjerrum length `B
`B =
e2
εkBTa
=
βe2
εa
, (1)
where ε is the dielectric permittivity of the solvent, kB is the Boltz-
mann constant, T is temperature, β = (kBT )−1, and a is the dis-
tance between neighbouring charged monomers of the PE chain.
`B quantifies the ratio of the electrostatic interaction energy be-
tween the neighbouring charged monomers and thermal energy.
The larger the value of `B, the stronger the electrostatic interac-
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tions in the system.
For small `B a PE behaves like a neutral polymer and the coun-
terions are dispersed away from the PE to occupy all accessible
volume, resulting in a state with high entropy. With increasing
`B, the electrostatic interaction energy becomes comparable to
the thermal energy and counterions begin to condense onto the
PE, renormalizing its charge density14. The condensed counteri-
ons being in a close vicinity of the PE imply a lower entropy of
the system. Still, if `B is not large, a PE conformation is dictated
by the solvent quality.
The solvent quality, in turn, is determined by the relative
strength of the attractive interactions between chain monomers
and between monomers and solvent particles. In a good or theta-
solvent these attractive interactions are stronger for monomer-
solvent particle pairs, while in a poor solvent monomer-monomer
attractive interactions dominate15.
Several experiments and simulations have shown that at large
enough `B, like-charged PE chains undergo a transition from ex-
tended to collapsed conformations regardless of the solvent qual-
ity 16–24. This counterintuitive transition is driven by the conden-
sation of counterions onto the chain, reducing the effective charge
density. The nature of the effective attractive interactions driving
the transition is not well understood and there are competing the-
ories explaining their origin (see below). For the collapsed state,
these theories predict that the gyration radius, Rg, of a PE has
the scaling form Rg ∼ N1/3`−γB , where N is the length of the PE,
and the exponent γ can potentially depend on system parame-
ters. Presently there exist three different theoretical approaches
to explain this electrostatics-driven collapse in PEs19,25–30. These
theories differ from each other in the way the effective electro-
static interactions are modelled and lead to different predictions
for the exponent γ. In the first approach it is argued that the
free energy of a PE in a collapsed state corresponds to that of an
amorphous ionic solid; this theory predicts a collapsed conforma-
tion for the case of multivalent counterions, with no dependence
of Rg on `B (γ = 0)27. In the second approach it is hypothesized
that the freely rotating fluctuating dipoles formed between PE
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3 RESULTS
monomers and condensed counterions give rise to an effective at-
tractive interaction between segments of the chain, which causes
a PE collapse both in good and poor solvents25,28–30. This the-
ory predicts that Rg of a PE in a collapsed state scales with Bjer-
rum length as Rg ∼ N1/3
∣∣`2B− cB2∣∣−1/3, where B2 is the second
virial coefficient, and c is a dimensional constant that depends on
the details of the system25,29,30. Hence for both good25,29,30 and
poor25,30 solvents, γ is equal to 2/3. In the third approach, known
as counterion-fluctuation theory, it is argued that density fluctu-
ations of condensed counterions inside a chain globule cause a
negative pressure, which drives the PE collapse19. This theory
predicts γ = 1/2.
In a recent molecular dynamics (MD) study of a flexible PE
in a good solvent we showed that a collapsed PE conformation
demonstrates at least two different sub-regimes, which we call
as a weak electrostatic collapse, with γ = 1/2, and a strong elec-
trostatic collapse with γ = 1/5. The exponent γ in both regimes
was found to be independent of the valency of counterions and
PE chain length31. All inter-particle interactions, other than
electrostatic, were repulsive in these systems. The counterion-
fluctuation theory, originally developed for good solvent with a
single exponent γ = 1/2, has been generalized by us31 through
the inclusion of higher order virial coefficients to reproduce both
the weak (γ = 1/2) and strong (γ = 1/5) collapse regimes seen in
our MD simulations.
It is more challenging however to study a collapsed state of a
flexible PE in a poor solvent 32–38 since, unlike in a good solvent,
there exist additional attractive interactions between monomers
which compete with the repulsive part of electrostatic interac-
tions. The valency of counterions, which played no role in de-
termining the exponent γ for a good solvent becomes significant
for a poor solvent. Indeed, it dictates the number of counteri-
ons condensed inside the collapsed globule; the presence of the
counterions modifies the overall interaction energy between the
monomers due to the excluded volume interactions between all
species and hence influences the exponent γ. In the present study,
we report MD simulations for the collapsed phase of a strongly
charged flexible PE in a poor solvent and find several novel col-
lapse sub-regimes. The observed in MD simulations conforma-
tional behavior of a PE in a poor solvent can be explained by
extending the modified counterion-fluctuation theory19,31 with
a more complete account of the volume interactions between
all species in the system: the monomer-monomer, monomer-
counterion and counterion-counterion interactions. We show that
the new theory can uniformly describe the MD results for both
good and poor solvents.
The rest of the paper is organized as follows. In Sec. 2, we de-
fine the model and give details of the MD simulations. In Sec. 3,
we present our theory of the electrostatic collapse in a poor sol-
vent and compare the predictions with data from MD simulations.
A summary and discussion of our results are given in Sec. 4.
2 Model and Methods
We model a flexible PE chain as N monomers of charge e con-
nected by harmonic springs of energy
Ubond(r) =
1
2
k(r−a)2, (2)
where k is the spring constant, a is the equilibrium bond
length, and r is the instantaneous distance between the bonded
monomers. The PE chain and Nc = N/Z neutralizing counterions
with a valency Z are placed in a box of linear size L. Pairs of
all non-bonded particles (counterions and monomers) separated
by a distance ri j interact through the volume (or van der Waals)
interactions. Here we model these interactions by the Lennard
Jones (LJ) 6−12 potential with a cutoff of rc:
ULJ(ri j) = 4εLJ
[(
σ/ri j
)12− (σ/ri j)6] , ri j ≤ rc. (3)
The values of εLJ and rc are varied to model solvents of different
quality (see below). The electrostatic energy between charges qi
and q j separated by ri j is given by
Uc(ri j) =
qiq j
εri j
. (4)
In the simulations, we use a= 1.12σ , k= 500.0kBT/σ2, L= 370σ ,
N=204. All energies are measured in units of kBT , and we main-
tain temperature at 1 through a Nosé-Hoover thermostat. All
distances are measured in terms of σ which we set to 1. The
long-range Coulomb interactions are evaluated using particle-
particle/particle-mesh (PPPM) technique.
The equations of motion are integrated in time using molec-
ular dynamics simulation package LAMMPS39 with a time step
of 0.001. All the systems are equilibrated for 5× 106 timesteps
and the data presented in this paper are averaged over 5× 106
timesteps of production runs.
We model a variety of poor solvent conditions by choosing the
following combinations of the LJ energy parameters for εLJ and
cutoff distance rc for the monomer-monomer interactions: (i)
εLJ = 1 and rc = 2.5, (ii) εLJ = 1.5 and rc = 2.5, and (iii) εLJ = 2
and rc = 2.5. For all other volume interactions among counterions
and between monomers and counterions, the LJ interactions are
repulsive, εLJ = 1.0 and rc = 1.0. These conditions are chosen in
such a way, that when the charge on the monomers is zero, a PE
chain adopts a collapsed conformation, mimicking poor solvent
conditions. We also performed additional simulations in which
the counterion size was varied. We note that all simulations re-
ported in this paper have been performed for the values of `B,
where the equilibrium configuration of a PE is a collapsed state
with Rg ∼ N1/3.
3 Results
To develop a generalized theory for electrostatic-driven collapse
of a PE in a poor solvent, we start with the modified counterion-
fluctuation theory for a good solvent and retain the electrostatic
term. As mentioned in the Introduction, the modified counterion
fluctuation theory is able to explain the observed in MD simula-
tions collapsed sub-regimes (with correct exponent γ) for a flex-
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ible PE in a good solvent31. However, in the case of a poor sol-
vent, we anticipate that the effective attraction between chain
monomers, supplemented by attractive van der Waals forces,
would cause even stronger collapse of a chain compared to that
in a good solvent. In the following subsections, we generalize the
theory of Ref.31 making a more complete account of the volume
interactions and show that the counterion-fluctuation theory is
applicable regardless of a solvent quality.
3.1 Free energy of a PE system
To find the equilibrium gyration radius Rg we compute the con-
ditional free energy of the system F(Rg) and minimize it with
respect to Rg. We write the free energy of the system as a sum of
its components as follows:
F(Rg) = Fid.ch(Rg)+Fen(Rg)+Fel(Rg)+Fvol(Rg), (5)
where Fid.ch, Fen, Fel, and Fvol account for the free energy of an
ideal chain, entropy of the counterions, the electrostatic interac-
tions between the charged particles, and the volume interactions
between all the species respectively.
Fid.ch(Rg), the part of the free energy corresponding to the ideal
chain reads15,19,40,
βFid.ch ' 94
(
α2+α−2
)
, (6)
where α = Rg/Rg.id is the expansion factor, with Rg.id being the
gyration radius of the ideal chain, R2g.id = Na
2/6.
The second part of the system free energy, Fen(Rg) accounting
for the entropy of the counterions is proportional to the logarithm
of the volume available for the counterions. It may be shown
that19,31,
βFen
N
=− 3
Z
(1− ρ˜) ln
(
R0
a
)
, (7)
where ρ˜ = ρc.in/ρ0 with ρc.in being the number density of coun-
terions within the globule with the gyration volume Vg = 4piR3g/3
and ρ0 =Nc/Vg =N/(ZVg) is the maximal counterion number den-
sity, when their condensation is complete. The value of R0 refers
to the volume 4piR30/3 per chain in the solution; it corresponds to
L in our MD simulations.
The third part of the system free energy, Fel(Rg), accounting for
the electrostatic interactions among monomers and counterions
is given by the counterion fluctuation theory19 as:
βFel
N
=
3
√
6`BN1/2(1− ρ˜)2
5α
(
1− 2Rg
3R0
)
− 3
2
(
2
pi2
)1/3 `B√6Z2/3ρ˜4/3
N1/6α
.
(8)
The first term in the right hand side of (8) gives the mean-field
result for the electrostatic interactions in the system. The sec-
ond term describes the contribution to the free energy from the
correlated fluctuations of the charge density and is beyond the
Poisson-Boltzmann approximation19. Both Eqs. (7) and (8) re-
fer to dilute salt-free PE solutions of long chains, R0  Rg and
N 119.
Finally, the free energy Fvol(Rg) accounting for the volume (LJ)
interactions between monomers and counterions may be written
as
Fvol(Rg) = Fvolm.m.+Fvolc.m.+Fvolc.c., (9)
where Fvolm.m., Fvolc.m., and Fvolc.c. are the free energy terms
for the volume interactions between monomers, counterions and
monomers, and between counterions respectively.
The monomer packing fractions, computed for the collapsed
phase of the flexible PE in poor solvent considered here, vary from
0.1 to 0.25 across the range of electrostatic strengths considered
here. Since the measured packing fractions are not too large15,
we write the free energy as a virial expansion. Keeping up to the
third virial term, we obtain for Fvolm.m.:
βFvolm.m. =
(
B2ρ2m+B3ρ
3
m
)
Vg =
(
B2
(
N
Vg
)2
+B3
(
N
Vg
)3)
Vg
= b−1
B2
α3N1/2
+b−2
B3
α6
, (10)
where B2 and B3 are the second and third virial coefficients
for monomer-monomer interactions, ρm = N/Vg is the aver-
age density of monomers inside the gyration volume and b =(
2pia3/9
√
6
)
. For a collapsed state addressed here almost all
counterions are located within the gyration volume of the chain.
Then the average counterion density inside the gyration volume
will be ρc.in ' Nc/Vg = N/(ZVg) and we neglect the counterion
density outside this volume. The free energy of the volume inter-
actions of the counterions will have the same form as in Eq. (10),
but with the virial coefficients Ck for the counterion-counterion
interactions, divided by Zk, where Z is the valency of the counte-
rions for the k-th virial term. A similar expression follows for the
volume interactions between the chain monomers and counteri-
ons. Combining these expressions for Fvolm.m., Fvolc.m. and Fvolc.c.
and limiting to third virial term, one arrives at the following re-
sult for the free energy Fvol for the case of complete counterion
condensation:
βFvol =
B˜2
α3N1/2
+
B˜3
α6
, (11)
where B˜2 and B˜3are the renormalized second and third virial co-
efficients respectively that account for all volume interactions.
These coefficients read:
B˜2 = b−1
(
B2+
2D1,1
Z
+
C2
Z2
)
(12)
B˜3 = b−2
(
B3+
3D1,2
Z
+
3D2,1
Z2
+
C3
Z3
)
, (13)
where Ck is k-th virial coefficient for the counterion-counterion
interactions and Dl,k−l are the virial coefficient for monomer-
counterion volume interactions of l-th order with respect to the
counterions and (k− l)-th order with respect to monomers (see
the Appendix for the detail). The value of the virial coefficients
Bk, Ck and Dl,k−l are determined by the relative strength of the LJ
interactions and the thermal energy kBT . Due to the dominance
of repulsive forces in the monomer-counterion and counterion-
counterion volume interactions considered here, all coefficients
3
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Ck and Dl,k−l are expected to be positive, Ck > 0 and Dl,k−l > 0 for
k ≥ 2 and 1 ≤ l ≤ k. We also assume that the renormalized third
virial coefficient B˜3 is positive as well.
At the same time the sign of the renormalized second virial co-
efficient B˜2 sensitively depends not only on its "bare" value B2
(which is negative for poor solvents addressed here), but also on
the counterion valency and the virial coefficients Ck and Dl,k−l ,
see Eq. (12). If these positive coefficients are large and the va-
lency Z is small, B˜2 becomes positive even for negative B2. Oppo-
sitely, for smallCk and Dl,k−l and large Z the renormalized second
virial coefficient remains negative, B˜2 < 0. The values of the virial
coefficients Ck and Dl,k−l are determined by the size of counteri-
ons: The larger the counterions, the larger the virial coefficients.
Hence it is expected that small counterions with a high valency
imply negative B˜2, while large counterions with a low valency
imply positive renormalized coefficient, B˜2 > 0 (see the Appendix
for the detail). This predictions will be checked in our MD simu-
lations discussed below.
If the packing fraction of species (monomers and counterions)
inside the gyration globule increases, the truncated expansion
(10) loses its accuracy. One needs to use then an equation of
state (EOS) for dense fluids, which may be the Flory-Huggins or
van der Waals EOS with the appropriate parameters describing
volume interactions. One can also use the EOS for Lennard-Jones
mixtures, e.g.41. In the case of systems with larger packing frac-
tion, additional terms in the virial expansion of (11) are included,
which leads to the general form:
βFvol =
∞
∑
k=2
N(3−k)/2
α3(k−1)
B˜k, (14)
that includes all the virial coefficients,
B˜k = b
1−k
(
Bk+
k
∑
l=0
C kl
Zl
Dl,k−l +
Ck
Zk
)
, (15)
where C kl = k!/l!(k− l)! are the combinatorial coefficients, see
the Appendix for the detail. Note that any non-singular EOS may
be expressed in the form of Eq. (14), where the virial coefficient
depend on the particular EOS. Here we use the approach devel-
oped for dense gases, where the virial coefficients are explicitly
expressed in terms of the interaction potential42, see also the Ap-
pendix.
For small packing fractions only contribution from the first two
terms, as in Eq. (11) is non-negligible. With the increasing den-
sity, next order virial terms in (14) start to play a role. It may
happen that in some limited interval of packing fractions one par-
ticular term in the expansion (14) dominates. This will then man-
ifest in a specific behavior of physical quantities for this interval
(see the discussion below).
Combining the different contributions [Eqs. (6), (7), (8) and
(14)] the free energy in Eq. (5) attains the form,
βF(Rg)
N
' 9
4N
(
α2+α−2
)
− 3
Z
(1− ρ˜) ln
(
R0
a
)
(16)
+
3
√
6`BN1/2(1− ρ˜)2
5α
(
1− 2Rg
3R0
)
− Z˜
2`B
N1/6α
+
∞
∑
k=2
N(1−k)/2
α3(k−1)
B˜k,
where Z˜2 = (3/2)(2/pi2)1/3
√
6Z2/3.
In a collapsed state of a PE, addressed in the present study,
almost all counterions are located inside the collapsed globule,
regardless of the solvent quality, so that the average density of
counterions is close to its maximal density inside the globule,
ρ0 = Nc/Vg. This suggests the approximation ρ˜ ≈ 1, allowing us
to ignore the second and third terms in the right hand side of
Eq. (16). Moreover, since Rg ∼ N1/3 in a collapsed regime, the
expansion factor α ∼ N−1/6  1. Thus, the term proportional to
α2 in Fid.ch(α) can be neglected. It is also straightforward to see
that, in this limit, the term proportional to α−2 in Fid.ch(α) is small
compared to the volume terms and may be dropped as well. With
these approximations, Eq. (16) for the free energy of a PE in a
collapsed state reduces to the following expression, regardless of
the solvent quality:
βF
N
=− Z˜
2`B
N1/6α
+
∞
∑
k=2
N(1−k)/2
α3(k−1)
B˜k. (17)
3.2 Scaling of Rg and energies of a PE chain with `B
The dependence of gyration radius of a PE chain, Rg = αRg.id on
`B may be obtained by minimizing the free energy, Eq. (17), with
respect to α, which results in,
B˜2
N1/3
α−2+
2B˜3
N5/6
α−5+
3B˜4
N4/3
α−8+ . . .=
Z˜2`B
3
, (18)
where a general term in the left-hand side of the above equation
reads (k− 1)B˜kN(4−3k)/6α4−3k. The relative importance of differ-
ent terms in Eq. (18) depends on N, the virial coefficients B˜k and
the expansion factor α. In what follows, we show how the dom-
inance of different virial terms in Eq. (18) gives rise to unique
scaling exponents in the dependence of Rg on `B, for a limited
interval of `B, that is, for a limited interval of species densities
(monomers and counterions) inside the PE globule.
For the case of weak electrostatic collapse, the first term in the
left hand side of Eq. (18) dominates yielding,
Rg =
√
B˜2aN1/3√
2Z˜`1/2B
, (19)
that is, Rg ∼ `−1/2B . We note that this yields a meaningful result
only if B˜2 is positive. While this is trivially satisfied in the case
of good solvent, for the poor solvent conditions considered here,
the attractive LJ-forces between the monomers will prevail and
the bare second virial coefficient B2 is always negative, B2 < 0.
However as we show later the opposite condition B˜2 > 0 may be
satisfied even in the case of poor solvent for certain counterion
sizes and valencies.
4
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Table 1 The values of the exponent γ corresponding to the dominance of
the kth virial term.
k γ
2 1/2
3 1/5
4 1/8
5 1/11
6 1/14
7 1/17
8 1/20
9 1/23
When `B increases and α becomes smaller, the subsequent
terms in Eq. (18) begin to dominate over the first term. When
the second or third terms on left hand side of Eq. (18) dominate,
we obtain respectively the following exponents, Rg ∼ `−1/5B and
Rg ∼ `−1/8B :
Rg =
B˜1/53 aN
1/3
63/10Z˜2/5`1/5B
, (20)
and
Rg =
B˜1/84 aN
1/3
31/4
√
2Z˜1/4`1/8B
. (21)
In a general case, when the k-th virial term (with the coefficient
B˜k) dominates in some interval of `B, the gyration radius scales
with the reduced Bjerrum length as Rg ∼ `1/(3k−4)B . The sequence
of the exponents γ for the inverse power of `B corresponding to
k-th virial term is shown in Table 1.
We also derive the dependence of the internal energies, asso-
ciated with the electrostatic and volume LJ interactions, on the
gyration radius Rg. Using the thermodynamic relation for the in-
ternal energy E = ∂βF/∂β , we obtain
βEel/(N`B) = −Z˜2aN1/3/
√
6Rg ∼ N1/3R−1g , (22)
βELJ
N
=
B˜′2N
R3g
+
B˜′3N
2
R6g
+
B˜′4N
3
R9g
+
B˜′5N
4
R12g
+ . . . , (23)
where Eel and ELJ are the electrostatic and LJ components of the
internal energy and the constants B˜′k may be expressed in terms
of the temperature derivatives of the reduced virial coefficients
B˜k. These scaling laws can be easily measured in MD simulations.
3.3 MD results
To understand the effect of solvent quality on the scaling of Rg
with `B, we have simulated a flexible PE in various poor solvents.
In Fig. 1, we show the variation of Rg for a collapsed PE with `B
for different counterion valency for two poor solvent conditions
(εLJ = 1.0, 1.5 and rc = 2.5 for monomer-monomer interaction).
In the case of εLJ = 1.0 [see Fig. 1(a)–(c)], for all three valencies
the weak and strong electrostatic collapse regimes with γ = 1/2
and γ = 1/5 are observed, when the compaction of the chain in-
creases. However, in the case of divalent and trivalent counte-
rions the additional sub-regimes appear, as `B further increases.
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Fig. 1 Variation of the gyration radius Rg with `B for a PE chain with
counterion valency Z = 1 (a,d); Z = 2 (b,e) and Z = 3 (c,f). The data
are for poor solvent conditions (εLJ = 1.0 and εLJ = 1.5 and rc = 2.5 for
monomers). The solid straight lines correspond to power laws with expo-
nents γ as predicted by the theory (see Table 1).
These regimes with smaller values of γ are observed for different
intervals of `B, corresponding to the larger density of the PE glob-
ule. When εLJ is changed to 1.5 [see Fig. 1(d)–(f)], the weak elec-
trostatic regime with γ = 1/2 persists only for monovalent coun-
terions and vanishes for divalent and trivalent counterions. At
the same time the regimes with smaller values of the exponent
γ emerge. Corresponding data for εLJ = 2.0 is given in Supple-
mentary Information, where it is clearly demonstrated that the
weak electrostatic regime with γ = 1/2 still persists for systems
with monovalent counterions. The MD data presented in Fig. 1
are consistent with the theoretically predicted power laws. Both
the values of the exponent γ and the sequence of their appearance
are in agreement with the theory, see Table 1.
The appearance of γ = 1/2 for the poor solvent case shown in
Fig. 1 is surprising since in poor solvent conditions, the second
virial coefficient B2, when restricted to monomer-monomer inter-
actions, is expected to be negative. Indeed, as we have mentioned
above, if the charge of monomers is zero, the PE always adopts
a collapsed state, corresponding to the negative value of B2 15.
Then from Eqs. (19) and (20), it can be seen that the largest
possible value for the exponent γ should be 1/5, corresponding
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to the (positive) third virial term. Hence we conclude that the
presence of the counterions inside a collapsed globule leads to
the change of the sign of B2 for a certain range of LJ parameters
and valency of counterions. This agrees with the above analysis,
where we stated that for large counterions with a low valency
the effective second virial coefficient B˜2 is positive, although the
bare coefficient B2 is negative, yielding the regime with γ = 1/2.
Physically, the negative sign of B˜2 follows from the dominance of
attractive volume interactions. Therefore, large counterions with
a low valency (which implies the larger counterion density inside
a globule) keep the chain monomers apart and reduce the effect
of attractive volume interactions between them; this results in the
alteration of the sign of B˜2. For B˜2 > 0 the regime with γ = 1/2
is observed. At the same time small counterions of high valency
(which implies lower density of these inside the globule) can not
effectively keep the monomers apart, so that their attractive vol-
ume interactions yield a negative B˜2. For these systems the regime
with γ = 1/2 is absent.
In other words, if the regime with γ = 1/2 is observed for some
system (B˜2 > 0), the decrease of a counterion size would entail
the alteration of the sign of B˜2 and hence disappearance of this
regime, as for B˜2 < 0. On the other hand, if the regime with
γ = 1/2 is absent (B˜2 < 0), the increase of the counterion size
would lead to the change of the sign of B˜2 and appearance of the
regime with γ = 1/2, as for B˜2 > 0.
To confirm these predictions, we perform additional simula-
tions: Firstly, for the case of monovalent counterions we decrease
the size of counterions and test whether the regime with γ = 1/2
disappears. Secondly, for the case of divalent counterions, we
increase the size of counterions and check whether the regime
with γ = 1/2 emerges. The MD data for these two simulations are
shown in Fig. 2. In the case of monovalent counterions, as the size
of the counterions is reduced, we find that the regime with γ = 1/2
vanishes [see Fig. 2(a)], that is, B˜2 becomes negative, B˜2 < 0. In
the case of divalent counterions the regime with γ = 1/2, absent
for σc = 1 [see Fig. 1(e)], appears when the counterion size in-
creases up to σc = 2 [see Fig. 2(b)]. These data confirm that the
presence of counterions inside the condensed phase modulates
the effective attractive interactions between monomers and can
change the sign of the second virial coefficient B˜2.
The counterion fluctuation theory, as developed in Sec 3.1, may
be further substantiated by computing the energies Eel and ELJ
from MD simulations. As can be seen from Eq. (22), the scal-
ing of Eel is independent of range of `B and solvent quality and
scales as inverse of Rg. However, the dependence of ELJ on Rg is
more complicated (ELJ ∼ R−3kg ) and is a function of dominant k-th
virial term; this, in turn, depends on the range of `B, as can be
seen from Eq. (23). The results for the scaling of Eel and ELJ with
Rg from our MD simulations are shown in Fig. 3. The data cap-
tures both the linear dependence of Eel on Rg and dependence of
ELJ on various powers of Rg very well, validating the free energy
expression, Eq (17), obtained in the counterion fluctuation the-
ory19. For ELJ , we also note that as the valency of the counterions
is increased, powers of Rg, corresponding to larger virial terms,
appear. A possible physical explanation for this is that as the elec-
trostatic interactions in the system become stronger and the pack-
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ing fraction of all species inside the globule increases, more terms
to account for the volume interactions in the collapsed state are
needed.
4 Discussion and conclusions
In this paper we studied theoretically and by means of MD simu-
lations the nature of a collapsed state of a polyelectrolyte (PE) in
a poor solvent for different strength of electrostatic and volume
interactions. We detect several sub-regimes of the collapsed state
of the PE, characterized by the scaling relation, Rg ∼ `−γB , for the
gyration radius, Rg, and the reduced Bjerrum length, `B. From
the MD simulations, we find that for different intervals of `B the
exponent γ takes a series of values as a function of the solvent
quality and the valency of counterions. This is consistent with the
predictions of our theoretical analysis shown in Table 1. In par-
ticular, the exponent γ has a general form γ = 1/(3k−4), if in the
part of the free energy, associated with the volume interactions,
the k-th virial term dominates.
In our earlier work31 on collapsed regimes of a PE in good sol-
vent, we had shown that modification of counterion-fluctuation
theory19 can explain the scaling of Rg on `B observed in MD sim-
ulations. In the case of good solvent, for the values of `B studied,
we detected only two sub-regimes: weak (γ = 1/2) and strong
(γ = 1/5) electrostatic collapse, and the values of exponent were
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found to be independent on the properties of the solvent and va-
lency of the counterions. We explained the existence of these two
regimes, modifying the existing counterion-fluctuation theory by
inclusion of the third virial term into the volume part of the free
energy of a PE. All volume interactions in this work were repulsive
to emulate a good solvent; moreover all volume interactions were
the same for monomers and counterions. In the current study,
we further extend this formalism by explicitly considering the in-
teractions between monomer-monomers, monomers-counterions
and counterions-counterions and develop a generalized theory for
a collapsed regime of a PE in any solvent. The good solvent case
considered earlier is a special case of this generalized counterion-
fluctuation theory.
We note that, while in MD simulations the solvent quality can
be controlled by the interaction potential between monomers, in
a theory this property is characterized by the sign of the sec-
ond virial coefficient: B2 is positive (B2 > 0) for a good solvent
and negative (B2 < 0) for a poor one. It is not clear, how-
ever, whether this definition of solvent quality, based only on
monomer-monomer interactions, remains meaningful for charged
polymers in the presence of counterions. Within our generalized
theory, we expect that the sign of the renormalized B˜2 will be
manifested in MD simulations through the presence of the sub-
regime, Rg ∼ `−γB , with the exponent γ = 1/2 for B˜2 > 0 and ab-
sence, respectively, of this regime for B˜2 < 0.
In the current study, through extensive MD simulations, we
demonstrate that the condensation of counterions on a PE chain
leads to an effective renormalization of the volume virial coeffi-
cients. The renormalized virial coefficients strongly depend on
the valency of counterions and the "strength" of the poor solvent,
which may be characterized by the value of εLJ – the energy pa-
rameter of the LJ potential. Surprisingly, the MD results for a
particular set of parameters for the volume interaction potential
show, via the presence of sub-regime with the exponent γ = 1/2,
that the renormalized second virial coefficient B˜2 is positive. This
is opposite to the expectation for this coefficient to be negative,
as the simulations were performed for a poor solvent [see Fig. 1
(a)]. When the "strength" of the poor solvent εLJ increases, this
sub-regime disappears for divalent and trivalent counterions but
persists for monovalent counterions [see Fig. 1 (b)]. To under-
stand the role of condensed counterions on the sign of renor-
malized B˜2, we performed a theoretical analysis as well as ad-
ditional simulations in which we varied the size of counterions
and demonstrated that the appearence and disappearance of sub-
regime with γ = 1/2 crucially depends on the size of the coun-
terions [see Fig. 2]. This dependence of the sign of the renor-
malized B˜2 on counterion size and valency occurs only for a poor
solvent, as the condensed counterions can modulate the effective
attractive interactions between monomers resulting in the alter-
ation of the sign of B˜2. For a good solvent, with repulsive inter-
actions between the monomers, the counterion size and valency
play no role, which may be clearly seen from Fig. 4, where we
present the according results of MD simulations. The results in
Fig. 4 combined with those in Fig. 2, show that while the sign
of B˜2 is unambiguous in a good solvent, the same is not true in
the case of a poor solvent and depends on several system pa-
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rameters such as strength of the solvent, valency and size of the
counterions. This suggests that for charged polymers with attrac-
tive monomer-monomer volume interactions and in the presence
of counterions, the sign of the second virial coefficient cannot
be assumed to be always negative. This is in a striking contrast
with collapsed neutral polymers, which have the same attractive
monomer-monomer interactions, where the sign of B2 is always
negative.
We also validate the predictions of the generalized counterion-
fluctuation theory, developed in this paper, through the compar-
ison of the theoretical and MD simulation results for scaling of
different parts of the internal energy of the system with Rg. The
original counterion-fluctuation theory19 predicts that the electro-
static internal energy of the system Eel scales with the gyration
radius as Eel ∼ R−1g regardless of the sub-regime. At the same
time, the dependence of internal energy associated with the vol-
ume (LJ) interactions is expected to be different for different sub-
regimes, similar to the dependence of Rg on `B described above.
From the theoretical analysis in we find that the LJ energy is ex-
pected to scale with Rg as ELJ(Rg) ∼ R−3kg , where k refers to the
dominant k-th virial term in the part of the free energy that refers
to the volume interactions. The MD simulation results are in com-
plete agreement with these predictions [see Fig. 3]. We also note
that the values of Rg at which the crossovers from one sub-regime
of ELJ(Rg) to another take place [see Fig. 3] coincide with the
values of Rg where the crossovers between regimes with different
exponents γ are detected [see Fig. 1].
Based on our findings, we conclude that the effective attrac-
tive electrostatic interactions in systems of like-charged polymers
in the presence of counterions is described well in terms of cor-
related fluctuations of counterions, as has been proposed in the
counterion fluctuation theory19. The electrostatic term of the
free energy of the system, based on the counterion fluctuation,
is independent of the solvent quality. We note that none of the
other existing theories of effective electrostatic interactions of a
PE25,27–30 can explain the sequence of electrostatic sub-regimes
or the scaling of the electrostatic energy with `B, as seen in our
MD simulations.
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6 Appendix
The free energy for the volume interactions among monomers
may be written in the form of virial expansion as,
βFvolm.m. =
∞
∑
k=2
BkρkmVg =
∞
∑
k=2
Bk
(
N
Vg
)k
Vg
=
∞
∑
k=2
(
4pia3
3
√
6
)1−k N(3−k)/2
α3(k−1)
Bk, (24)
where Bk is the k-th virial coefficient for monomer-monomer in-
teractions and ρm = N/Vg is the average density of monomers in-
side the gyration volume. Similar to Eq. (24), the free energy of
the volume interactions of counterions reads,
βFvolc.c. =
∞
∑
k=2
Ckρkc.inVg =
∞
∑
k=2
Ck
(
Nc
Vg
)k
Vg
=
∞
∑
k=2
(
4pia3
3
√
6
)1−k Ck
Zk
N(3−k)/2
α3(k−1)
, (25)
where ρc.in 'Nc/Vg =N/ZVg is the average counterion density in-
side the gyration volume and we approximate it by the according
density, when all counterions are condensed. Ck are the virial
coefficients for the counterion-counterion interactions. Further-
more, the monomer-counterion volume interactions are described
by the term,
βFvolc.m. =
∞
∑
k=2
k
∑
l=0
C kl ρ
l
cρ
k−l
m Dl,k−lVg (26)
=
∞
∑
k=2
(
4pia3
3
√
6
)1−k N(3−k)/2
α3(k−1)
k
∑
l=0
C kl
Zl
Dl,k−l ,
where C kl = k!/l!(k− l)! are the combinatorial coefficients and
Dl,k−l is the k-th virial coefficient for monomer-counterion volume
interactions which refers to l counterions and k− l monomers.
Using Eqs. (24), (25) and (26) one can write the part of the
free energy responsible for the volume interactions in the system
in the following compact form,
βFvol =
∞
∑
k=2
N(3−k)/2
α3(k−1)
B˜k, (27)
where the renormalized virial coefficients B˜k, that account for all
volume interactions, are defined as
B˜k =
(
2pia3
9
√
6
)1−k(
Bk+
k
∑
l=0
C kl
Zl
Dl,k−l +
Ck
Zk
)
. (28)
Here we consider a collapsed state of a PE chain and the main
difference of a globular state, as compared to that of a coiled
state is that a "globule contains a number of uncorrelated parts
Fig. 5 The dependence of the renormalized second virial coefficient B˜2
on the ratio of the counterion and monomer sizes, σc/σm and the coun-
terions valency Z, as it follows from Eq. (12). The bare coefficients B2,
C2 and D1,1 are computed using Eq. (29) with the according Lennard-
Jones potentials: εLJ = 1.5 and rc = 2.5 for the monomer-monomer inter-
actions, εLJ = 1 and rc = 1 for the counterion-counterion interactions and
εLJ =
√
1 ·1.5 and rc =(2.5+1)/2= 1.75 for the monomer-counteiron inter-
actions. Depending on the valency of the counterions the renormalized
coefficient B˜2 changes its sign with the increasing size of the counterions.
of the chain" so that a concept of quasimonomers43 and the ac-
cording virial expansion for pressure or free energy is valid40. In
our study we use the LJ potential (3) to model all volume inter-
actions. For the monomer-monomer interactions we use the cut-
off distance rc = 2.5σ , that is, these volume interactions include
both attractive and repulsive forces. For the monomer-counterion
and counterion-counterion interactions we use the cutoff rc = σ ,
which corresponds to purely repulsive forces. The virial coeffi-
cient B2 reads1
B2 = −12
∫
dr f (r) =−
∫
dr
(
e−βULJ(r)−1
)
= −2pi
∫ rc
0
drr2
(
e−βULJ(r)−1
)
. (29)
Similar expressions apply for the coefficients C2 and D1,1, with
the according change of the LJ potential. Using these expressions
for the virial coefficients B2, C2 and D1,1 one can compute, using
Eq. (12) the renormalized second virial coefficient B˜2. The results
are presented in Fig. 5, where we demonstrate the dependence
of B˜2 on the size of the counterions σc and their valency Z. As
it may be seen from the Fig. 5 the renornalized coefficient B˜2
changes its sign from negative to positive with increasing size of
counterions. This effect corresponds to an effective change of the
solvent quality due to counterion condensation.
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